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A TYPE OF MEAN VALUES OF SEVERAL POSITIVE
NUMBERS WITH TWO PARAMETERS
ZHEN-GANG XIAO, ZHI-HUA ZHANG, AND FENG QI
Abstract. In this article, a type of mean values of several positive numbers
with two parameters are defined by using the generalized Vandermonde deter-
minant, some basic properties of them are given, and several inequalities for
some mean values including the generalized symmetric means are established.
1. Introduction and notations
Let R = (−∞,∞), R+ = (0,∞), a = (a0, a1, . . . , an) ∈ Rn+1+ , ϕ be a function
defined in R+, and
V (a;ϕ) =
∣∣∣∣∣∣∣∣
1 a0 a20 · · · an−10 ϕ(a0)
1 a1 a21 · · · an−11 ϕ(a1)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 an a2n · · · an−1n ϕ(an)
∣∣∣∣∣∣∣∣ . (1.1)
Taking ϕ(x) = xn+r(lnx)k, then
V (a;ϕ) =
∣∣∣∣∣∣∣∣
1 a0 a20 · · · an−10 an+r0 (ln a0)k
1 a1 a21 · · · an−11 an+r1 (ln a1)k
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 an a2n · · · an−1n an+rn (ln an)k
∣∣∣∣∣∣∣∣ , V (a; r, k). (1.2)
If letting r = 0 and k = 0 in (1.2), then






(aj − ai) (1.3)
is the determinant of Vandermonde matrix of order n+ 1, where
Vi(a) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 a0 a20 · · · an−10
1 a1 a21 · · · an−11
. . . . . . . . . . . . . . . . . . . . . . . . . .
1 ai−1 a2i−1 · · · an−1i−1
1 ai+1 a2i+1 · · · an−1i+1
. . . . . . . . . . . . . . . . . . . . . . . . . .
1 an a2n · · · an−1n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(1.4)
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is the cofactor of the element ani in V (a; 0, 0). So, we call V (a;ϕ) the generalized
Vandermonde determinant.
Let a0 and a1 be two positive numbers. It is well known that the logarithmic





ln a1 − ln a0 , a0 6= a1,












, a0 6= a1,
a0, a0 = a1.
(1.6)
Let G(a0, a1) =
√
a0a1 and A(a0, a1) = a0+a12 denote the geometric mean and the
arithmetic mean of a0 and a1, respectively. For a0 6= a1, the following inequalities
are proved in [4]:
G(a0, a1) < L(a0, a1) < I(a0, a1) < A(a0, a1). (1.7)
In [28, 29], Zh.-H. Zhang and Zh.-G. Xiao studied the identric mean and two
logarithmic means of n+ 1 positive numbers a0, a1, . . . , an which are defined as
I(a) = exp
[
V (a; 0, 1)









V (a; 0, 0)






Vln(a; r, k) ,
∣∣∣∣∣∣∣∣
1 ln a0 (ln a0)2 · · · (ln a0)n−1 ar0(ln a0)k
1 ln a1 (ln a1)2 · · · (ln a1)n−1 ar1(ln a1)k
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 ln an (ln an)2 · · · (ln an)n−1 arn(ln an)k
∣∣∣∣∣∣∣∣ . (1.11)
They proved for a with ai 6= aj for all i 6= j the following inequalities
G(a) < L(a) < I(a) < A(a) (1.12)
and









i=0 ai are the geometric mean and
the arithmetic mean of n+ 1 positive numbers a0, a1, . . . , an ∈ R+, respectively.
For r ∈ R\{−1, 0}, the extended logarithmic mean Sr(a0, a1) and the generalized
logarithmic mean Jr(a0, a1) of two positive numbers a0 and a1 are defined (See





(r + 1)(a1 − a0)
)1/r
, a0 6= a1,
a0, a0 = a1
(1.14)










, a0 6= a1,
a0, a0 = a1.
(1.15)
These two means and other mean values of two positive numbers are special cases
of the extended mean values






for pq(p− q)(a0 − a1) 6= 0,[
ap1 − ap0
p(ln a1 − ln a0)
]1/p






ap1 ln a1 − ap0 ln a0
ap1 − ap0
}
for p(a0 − a1) 6= 0 and p = q,√
a0a1 for a0 − a1 6= 0 and p = q = 0,














, a0 − a1 6= 0, p = q,
(1.17)
where




, t 6= 0





There have been a lot of literature about the extended mean values E(p, q; a0, a1).
For more information, please refer to [5, 6, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18, 20,
21, 22, 23, 25] and the references therein.






· V (a; r, 0)
V (a; 0, 0)

1/r
, r 6= 0,−1, . . . ,−n,
exp
[
V (a; 0, 1)







, r = 0,[
n!V (a; r, 1)
(−1)r+1(−r − 1)!(n+ r)!V (a; 0, 0)
]1/r







· V (a, r; 0)
V (a; r − 1, 0) , r 6= 0,−1, . . . ,−n,
V (a, 0; 0)
nV (a,−1, 1) , r = 0,
r
n+ r
· V (a; r, 1)
V (a; r − 1, 1) , r = −1, . . . ,−(n− 1),
−nV (a; 0, 1)
V (a;−n− 1, 0) , r = −n
(1.20)
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with S0(a) = I(a) and S−1(a) = J0(a) = L(a).
The main purpose of this article is to define a type of mean values of several
positive numbers with two parameters, from which many mean values mentioned
above can be deduced, by utilizing the generalized Vandermonde determinant, to
research their basic properties, and to establish several inequalities.
2. Lemmas
The following two lemmas are keys for us to research the basic properties of the
mean values E(p, q;a) defined by Definition 3.1 in next section.
Lemma 2.1. Let n ∈ N, a = (a0, a1, . . . , an) ∈ Rn+1+ and ϕ be a n-times differen-
tiable function in R+. Then










where x0 = 1 −
∑n








xi ≤ 1 with xi ≥ 0 for i = 1, 2, . . . , n
}
. (2.2)
Proof. Let a¯ = (an, a1, . . . , an−1) ∈ Rn+ and a˜ = (a0, a1, . . . , an−1) ∈ Rn+. From
(1.3), one finds that
V (a; 0, 0) = (−1)n−1
n∏
j=1
(aj − a0)V (a¯; 0, 0)
= (an − a0)
n−1∏
j=1









(aj − a0)Vi(a¯) +
n−1∏
j=1




(aj − a0)V0(a¯). (2.6)





























dx1 dx2 · · ·dxn. (2.8)
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ϕ′(a0 + (a1 − a0)x1) dx1 = ϕ(a1)− ϕ(a0) = V (a;ϕ).
Assume that (2.1) holds for n− 1 with n ≥ 2. Then








































dx1 dx2 · · ·dxn−1. (2.10)
Combination of (2.3) to (2.10) shows that

























dx1 dx2 · · ·dxn
=








































































































Thus, by induction, the required formula (2.1) is proved. 
Lemma 2.2. Let r be an integer and a = (a0, a1, . . . , an) ∈ Rn+1+ . Then
V (a; r, 0) =

V (a; 0, 0)
∑
i0+i1+···+in=r
i0, i1, . . . , in ≥ 0 are integers
n∏
k=0
aikk for r > 0,
0 for r = 0,−1, . . . ,−(n− 1),





a−ikk for r ≤ −n.
(2.11)
Proof. Taking Vn(a; r, 0) , V (a; r, 0). It is obvious that, if r = −1, . . . ,−n, then
Vn(a; r, 0) = V (a; r, 0) = 0.
In the case of n ∈ N and r ≥ 0, we will verify Lemma 2.2 by mathematical
induction. It is clear that identity (2.11) holds trivially for n = 1, since
V2(a; r, 0) = ar+11 − ar+10




1 a0 + · · ·+ ar0
)







Suppose identity (2.11) is true for n− 1 and positive integers t. That is
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By (1.2) and (2.12), one reveals
Vn(a; r, 0) =
∣∣∣∣∣∣∣∣∣∣
1 a0 − an · · · an−10 − an−20 an an+r0 − an−10 ar+1n
1 a1 − an · · · an−11 − an−21 an an+r1 − an−11 ar+1n
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 an−1 − an · · · an−1n−1 − an−2n−1an an+rn−1 − an−1n−1ar+1n




a0 − an · · · an−10 − an−20 an an+r0 − an−10 ar+1n
a1 − an · · · an−11 − an−21 an an+r1 − an−11 ar+1n
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



















. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .















1 a0 a20 · · · an−10 an−1+t0
1 a1 a21 · · · an−11 an−1+t1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .





























By induction, it is showed that (2.11) holds for n and positive integers r.
From (1.3), it is deduced easily that


















a−ni V (a; 0, 0),
(2.13)
where a−1 = (a−10 , a
−1
1 , . . . , a
−1
n ) ∈ Rn+1+ .
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In the case of r < −n, we have −(n+ r) > 0. From (1.2) and (2.13), one finds














1 · · · 1 ar+11












1 a−10 · · · a−(n−1)0 a−[n−(n+r+1)]0
1 a−11 · · · a−(n−1)1 a−[n−(n+r+1)]1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .






























The proof of Lemma 2.2 is completed. 
Lemma 2.3 ([19, 21, 23]). Let f be a continuous function and p a positive contin-
uous weight on I. Then the weighted arithmetic mean of function f with weight p
defined by







, x 6= y,
f(x), x = y
(2.14)
is increasing (decreasing) on I2 if f is increasing (decreasing) on I.
3. Definition and basic properties
Now we are in a position to give the definition of mean values of several positive
numbers with two parameters.
Definition 3.1. Let a = (a0, a1, . . . , an) ∈ Rn+1+ with ai 6= aj for i 6= j. The
extended mean values E(p, q;a) of (n+ 1)-tuple a with two parameters p ∈ R and
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· V (a; p, 0)





[(k + p)(k + q)] 6= 0, (−1)q+1(−q − 1)!(q + n)!n∏
k=1
(k + p)
· V (a; p, 0)
V (a; q, 1)

1/(p−q)
for p 6= q = −1,−2, . . . ,−n,[
(−1)q−p(−q − 1)!(q + n)!
(−p− 1)!(p+ n)! ·
V (a; p, 1)
V (a; q, 1)
]1/(p−q)
for p 6= q and p, q = −1,−2, . . . ,−n,
exp
[
V (a; p, 1)







for p = q 6= −1,−2, . . . ,−n,
exp
 V (a; p, 2)








for p = q = −1,−2, . . . ,−n.
(3.1)
The mean values E(p, q;a) have the same usual properties as many other means
listed in [3].
Theorem 3.1. The following basic properties hold:
(1) E(p, q;a) = E(q, p;a),
(2) limp→∞E(p, q;a) = limq→∞E(p, q;a) = max{a0, a1, . . . , an},
(3) limp→−∞E(p, q;a) = limq→−∞E(p, q;a) = min{a0, a1, . . . , an},
(4) limp→q E(p, q;a) = E(q, q;a),
(5) min{a0, a1, . . . , an} ≤ E(p, q;a) ≤ max{a0, a1, . . . , an},
(6) E(p, q;a) = a0 if and only if a0 = a1 = · · · = an,
(7) For t > 0, E(p, q; ta) = tE(p, q;a),
(8) [E(p, q;a)]p−q = [E(p, t;a)]p−t[E(t, q;a)]t−q,
where ta = (ta0, ta1, . . . , tan).
Proof. These follow straightforwardly from Definition 3.1 and Lemma 2.1 by stan-
dard arguments. 
The theorem below gives an alternative expression of the mean values E(p, q;a).

















































, p = q,
(3.2)
where D is the simplex defined by (2.2), dx = dx1 dx2 · · ·dxn is the differential of




1 (p, t) = t
p and ϕ(n)2 (p, t) = t
p ln t.
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for p 6= −1, . . . ,−n,
tn+p ln t

















for p 6= −1, . . . ,−n,
tn+p ln t










for p = −1, . . . ,−n
(3.4)
into Lemma 2.1. 
Corollary 3.1. Let n ∈ N and a = (a0, a1, . . . , an) ∈ Rn+1+ . Then































, r = 0,
(3.5)
























where D is defined by (2.2), dx = dx1 dx2 · · ·dxn denotes the differential of the
volume in D, and x0 = 1−
∑n
i=1 xi.
Some mean values are special cases of the mean values E(p, q;a) as Corollary
3.1 reveals. From Definition 3.1 and Lemma 2.2, we further obtain the following
Theorem 3.3. Let n ∈ N and a = (a0, a1, . . . , an) ∈ Rn+1+ . Then
(1) E(1, 0;a) = S1(a) = J1(a) = A(a),
(2) E(0,−(n+ 1);a) = S−(n+1)(a) = G(a),
(3) E(−(n+ 1),−(n+ 2);a) = J−(n+1)(a) = H(a),
(4) E(0, 0;a) = S0(a) = I(a),
(5) E(0,−1;a) = S−1(a) = J0(a) = L(a),
where A(a), G(a), H(a), I(a), and L(a) denote respectively the arithmetic, geo-
metric, harmonic, exponential, and logarithmic means of n + 1 positive numbers
a0, a1, . . . , an.
Proof. The proof is straightforward. 




(a) of order k introduced in [7] by D. M. DeTemple and J. M. Robertson.
Theorem 3.4. Let r be a positive integer and a = (a0, a1, . . . , an) ∈ Rn+1+ for
n ∈ N. Then
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1 · · · ainn (3.10)
denotes the k-th generalized symmetric mean of n+1 positive numbers a0, a1, . . . , an.
4. Monotonicity and applications
Theorem 4.1. The mean values E(p, q;a) are increasing strictly with both p ∈ R
and q ∈ R.
Proof. Let g(x) =
∑n
i=0 aixi. If p = q, then





















































































by using the Cauchy-Schwartz-Buniakowski integral inequality. This implies that
the mean values E(p, p;a) are strictly increasing with p ∈ R.


















































From Lemma 2.3 and the fact that E(p, p;a) are strictly increasing with p ∈ R,
it is not difficult to see that the mean values E(p, q;a) are increasing strictly with
both p and q. The proof is complete. 
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As applications of the monotonicity of the mean values E(p, q;a), the following
inequalities about some mean values are obtained readily.
Corollary 4.1. If p1 < p2 and q1 < q2, then
Ep1,q1(a) < Ep2,q2(a). (4.1)
If q ≷ 0, then
Sq(a) ≶ E(p, q;a). (4.2)
If q ≷ p− 1, then
Jp(a) ≶ E(p, q;a). (4.3)
If p ≶ q, then
Jp(a) ≶ Jq(a) (4.4)
and
Sp(a) ≶ Sq(a). (4.5)
If p ≷ 1, then
Sp(a) ≶ Jp(a). (4.6)
Corollary 4.2. Let G(a), L(a), I(a) and A(a) denote the geometric, logarithmic,
exponential and arithmetic means of n+ 1 positive numbers respectively. Then
G(a) < L(a) < I(a) < A(a). (4.7)
Proof. From (4.5) in Corollary 4.1, it follows that
S−(n+1)(a) < S−1(a) < S0(a) < S1(a).
Thus, inequalities in (4.7) is obtained immediately from Theorem 3.3. 


























Equalities in (4.8) and (4.9) are valid if and only if a0 = a1 = · · · = an.
Proof. By using Corollary 4.1, we find
Jr(a) ≤ Jr+1(a),
Sr(a) ≤ Sr+1(a).
Further considering Theorem 3.4 proves the required results. 












, r 6= 0,
G(a), r = 0.
(4.11)
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Proof. Let g(x) =
∑n
i=0 aixi. In the case of r(r − 1) > 0, using the arithmetic-











































which is equivalent to



























Therefore, it is deduced that Sr(a) < Mr(a) for r > 1 and Sr(a) > Mr(a) for
r < 0.
By the same argument as above, if 0 < r < 1, then Sr(a) > Mr(a) and
S0(a) < S−(n+1)(a) = G(a) = M0(a).
Thus, if r < 1, then Sr(a) > Mr(a). The proof is complete. 
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